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Abstract. In this paper , firstly  we  introduce  A Three – Step – One Mapping Iterative     scheme   

for    multivalued      mapping      in   W-Hyperbolic  space   secondly  ,  we   prove   a  convergence    

result     of    A Three – Step  –  One   Mapping      Iterative  Scheme    for   multivalued  

nonexpansive   mapping in   the   same    space    also     established   the convergence    results  

when   use   Condition  (𝐼) and  by  using Hemicompact   mapping in  uniformly W-Hyperbolic   

space.  
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1 - Introduction 

In 2009 , Shahzad and Zegeye   [1]  introdused    the  convergence result of  Ishikawa  iteration  

for  quasi   nonexpansive   multivalued   maps  in uniformly convex   space as follows , for 

any 𝑥1 ∈ 𝐵 

𝑥𝑛+1 = (1 − 𝜏𝑛)𝑥𝑛 + 𝜏𝑛ℓ𝑛   
𝑦𝑛 = (1 − 𝜇𝑛)𝑥𝑛 + 𝜇𝑛𝑡𝑛  ; ∀𝑛 ≥ 0 

Where ℓ𝑛 ∈ 𝐿𝑦𝑛 , 𝑡𝑛   ∈ 𝐿𝑥𝑛 ,  {𝜇𝑛} and{𝜏𝑛}   are sequences in [0,1]. 
In 2010, Khan et al . [2]  introdused weak and strong   convergence result of  a one   step  

iteration   for  two  multivalued  nonexpansive mappings .  

Also in 2011, Abbas et al . [3] established  the convergence result of  a new  one  step iteration  

for  two  multivalued  nonexpansive  mappings  in uniformly convex  Banach space as follows 

, for any 𝑥1 ∈ 𝐵    

𝑥𝑛+1 = 𝜇𝑛𝑥𝑛 + 𝜏𝑛𝑡𝑛  + 𝜎𝑛ℓ𝑛 ; ∀𝑛 ≥ 0   
Where ℓ𝑛 ∈ 𝐿𝑥𝑛 , 𝑡𝑛   ∈ 𝐾𝑥𝑛 ,  {𝜇𝑛} , {𝜏𝑛} and{𝜎𝑛}     are   sequences  in (0,1).   In 2018, Birol 

G .and Sezgin A. [4] established  the convergence result of  a  one   step  iteration   for   two   

multivalued     nonexpansive  mappings  in  uniformly  convex  W- Hyperbolic   space  as 

follows , for any 𝑥1 ∈ 𝐵    

𝑥𝑛+1 = 𝑊(ℓ𝑛 , 𝑊 (𝑥𝑛 , 𝑡𝑛 ,
𝜏𝑛

1 − 𝜇𝑛
) , 𝜇𝑛) ; ∀𝑛 ≥ 0   

Where ℓ𝑛 ∈ 𝐿𝑥𝑛 , 𝑡𝑛   ∈ 𝐾𝑥𝑛 ,  {𝜇𝑛} and  {𝜏𝑛}   are  sequences   in(0,1).       
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𝟐 −Preliminaries 

Definition (2.1)[5] ∶ A metric space (𝐸, 𝑑) is  said to be hyperbolic space if there exist a map 

𝑊: 𝐸2  × [0,1] → 𝐸 satisfying : 

𝑊1 − 𝑑(𝑡 , 𝑊(𝑥 , 𝑦 , 𝜇)) ≤ (1 − 𝜇)𝑑(𝑡, 𝑥) + 𝜇 𝑑(𝑡, 𝑦)   

𝑊2 −  𝑑(𝑊(𝑥 , 𝑦 , 𝜇) , 𝑊(𝑥 , 𝑦 , 𝛿)) = |𝜇 − 𝛿| 𝑑(𝑥 − 𝑦)   
𝑊3 − 𝑊(𝑥 , 𝑦 , 𝜇) = 𝑊(𝑦 , 𝑥 , (1 −  𝜇))  

𝑊4 − 𝑑(𝑊(𝑥 , 𝑐 , 𝜇) , 𝑊(𝑦 , 𝑒 , 𝜇)) ≤  (1 − 𝜇)𝑑(𝑥, 𝑦) + 𝜇 𝑑(𝑐, 𝑒) 

∀ 𝑥 , 𝑦 , 𝑐 , 𝑒 ∈ 𝐸 and  𝜇 , 𝛿 ∈ [0,1] . 
 

Definition (2.2)[2]: Let  𝐴  be  a non−empty  and   convex     subset  of  a  hyperbolic  space 

B . A mapping   𝐿: 𝐴 →  2𝐴  is  said  to be  

(𝑖) nonexpansive if   𝐻(𝐿𝑥, 𝐿𝑦) ≤ 𝑑(𝑥, 𝑦)                                   … (1)                                                                                         

∀ 𝑥, 𝑦  ∈ 𝐴 . 
(𝑖𝑖) quasi nonexpansive if  𝐹(𝐿) ≠ ∅  and 𝑑(𝐿𝑥, 𝜌) ≤ 𝑑(𝑥, 𝜌)  … (2) 

∀ 𝑥 ∈ 𝐴 𝑎𝑛𝑑 𝜌 ∈ 𝐹(𝐿).                                                        
Definition (2.3) ∶ Let  𝐴  be  a non−empty  and   convex   subset  of  a hyperbolic  space B  and  

𝐿: 𝐴 → 2𝐴  is a mapping  for any 𝑥1 ∈ 𝐴 , the sequence {𝑥𝑛} define  by  

𝑥𝑛+1 = 𝑊(𝑔𝑛) ,  𝑔𝑛  ∈  𝐿𝑦𝑛 

𝑦𝑛 = 𝑊(ℓ𝑛 , 𝑡𝑛 , 𝜇𝑛),  ℓ𝑛 ∈ 𝐿𝑥𝑛 𝑎𝑛𝑑  𝑡𝑛 ∈  𝐿𝑧𝑛 

                       𝑧𝑛 = 𝑊(𝑥𝑛 , ℓ𝑛 , 𝜏𝑛),  ℓ𝑛 ∈ 𝐿𝑥𝑛 ; ∀𝑛 ≥ 0       … (3)                     

 

where {𝜇𝑛} and  {𝜏𝑛} are  sequences  in (0,1).  
Definition (2.4) [6]: A hyperbolic space (𝐸, 𝑑, 𝑊) is said to be uniformly convex if  there  exist 

𝜎 ∈ ]0,1] such that 

 𝑑(𝑥, 𝜗) ≤ 𝛾 , 𝑑(𝑦, 𝜗) ≤ 𝛾 and 𝑑(𝑥, 𝑦) ≥ 𝜖𝛾  then 

𝑑 (𝑊 (𝑥, 𝑦,
1

2
) , 𝜗) ≤ (1 − 𝜎)γ 

∀ 𝜗, 𝑥, 𝑦 ∈ 𝐸 , 𝜖 ∈ (0,2] and 𝛾 > 0  
 

Lemma(2.5  ), [7] ∶ Let 𝐵  be a  uniformly convex hyperbolic . Let 𝑥 ∈ 𝐵 and  {𝜇𝑛} be  a 

sequence  in [𝑓, ℎ]   for  some   𝑓, ℎ ∈ (0,1). If {𝑥𝑛}  and  {𝑦𝑛} are  sequences  in  𝐵 such that    

lim
n→∞

supd(𝑥𝑛, 𝑥) ≤ φ ,  lim
n→∞

supd(𝑦𝑛, 𝑥) ≤ φ and   

lim
𝑛→∞

𝑑( 𝑊 (𝑥𝑛 , 𝑦𝑛 , 𝜇𝑛 ), 𝑥 ) = 𝜑  for some 𝜑 ≥ 0   

then lim 
𝑛→∞

𝑑(𝑥𝑛, 𝑦𝑛) = 0 .  

Definition (2.6)[8] ∶ Let  𝐴  be  a non−empty  and   convex     subset  of  a  hyperbolic  space 

B . A mapping   𝐿: 𝐴 → 2𝐴 is  said  to be  

(𝑖) Satisfy condition (𝐼) if ∃ a nondecreasing function 𝑘: [0, ∞[ → [0, ∞[  with 𝑘(0) = 0,
𝑘(𝛼) > 0 for  𝛼 ∈ (0, ∞) such that  

𝑑(𝑥, 𝐿𝑥) ≥ 𝑘(𝑑(𝑥, 𝐹(𝐿))), ∀𝑥 ∈ 𝐴 .                                                                                           
(𝑖𝑖) Hemicompact. If for any sequence {𝑥𝑛} in 𝐴 ∋ lim 𝑑(𝑥𝑛, 𝐿𝑥𝑛)

𝑛→∞
= 0,

∃ a subsequence {𝑥𝑛𝑡
} of  {𝑥𝑛} such that 𝑥𝑛𝑡 

→ 𝜌 as 𝜏 → ∞  for some                                                       

  𝜌 ∈ 𝐴. 
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𝟑 − Main Theorem 
Theorem(𝟑. 𝟏): 
       Let 𝐵  is  a hyperbolic   space , 𝐴 is a nonempty and convex subset  of   𝐵  and  𝐿: 𝐴 → 𝐶(𝐴) 

is a quasi nonexpansive   mapping .  Let  {𝑥𝑛} define  by  condition (3) with 𝜇𝑛 𝑎𝑛𝑑 𝜏𝑛 ∈  (0,1).  
If 𝜌 ∈ 𝐹(𝐿), then lim

𝑛→∞
𝑑(𝑥𝑛, 𝜌) exists , ∀ 𝜌 ∈ 𝐹(𝐿).  

Proof: Let 𝜌 ∈ 𝐹(𝐿), from condition (2) and(3)  , we get  

𝑑(𝑧𝑛, 𝜌) = 𝑑( 𝑊 (𝑥𝑛 ,  , ℓ𝑛, 𝜏𝑛 ), 𝜌 )  , ℓ𝑛 ∈ 𝐿𝑥𝑛  
              ≤ (1 − 𝜏𝑛 )𝑑( 𝑥𝑛, 𝜌) + 𝜏𝑛𝑑( ℓ𝑛, 𝜌) 

              ≤ (1 − 𝜏𝑛 )𝑑( 𝑥𝑛, 𝜌) + 𝜏𝑛 𝐻(𝐿 𝑥𝑛, {𝜌})              
              ≤ (1 − 𝜏𝑛 )𝑑( 𝑥𝑛, 𝜌) + 𝜏𝑛𝐻(𝐿 𝑥𝑛, 𝐿𝜌)  
              ≤ (1 − 𝜏𝑛 )𝑑( 𝑥𝑛, 𝜌) + 𝜏𝑛𝑑( 𝑥𝑛, 𝜌)                   
    = 𝑑( 𝑥𝑛, 𝜌)                                                                            … (4)  

From condition (2) , (3) and (4) , we get 𝑑(𝑦𝑛, 𝜌) = 𝑑( 𝑊 ( ℓ𝑛 , 𝑡𝑛 , 𝜇𝑛 ), 𝜌 ),  ℓ𝑛 ∈
𝐿𝑥𝑛 𝑎𝑛𝑑  𝑡𝑛 ∈  𝐿𝑧𝑛   
               ≤ (1 − 𝜇𝑛 )𝑑( ℓ𝑛, 𝜌) + 𝜇𝑛𝑑(𝑡𝑛, 𝜌)  
 ≤ (1 − 𝜇𝑛 )𝐻(𝐿 𝑥𝑛, {𝜌}) + 𝜇𝑛𝐻(𝐿 𝑧𝑛, {𝜌})                 
≤ (1 − 𝜇𝑛 )𝐻(𝐿 𝑥𝑛, 𝜌) + 𝜇𝑛𝐻(𝐿 𝑧𝑛, 𝜌)                   
                    ≤ (1 − 𝜇𝑛 )𝑑( 𝑥𝑛, 𝜌) + 𝜇𝑛𝑑( 𝑧𝑛, 𝜌) 

                ≤ (1 − 𝜇𝑛 )𝑑( 𝑥𝑛, 𝜌) + 𝜇𝑛𝑑( 𝑥𝑛, 𝜌)      
              = 𝑑( 𝑥𝑛, 𝜌)                                                                            … (5) 

From condition (2) , (3)(4), and (5) , we get 

 𝑑( 𝑥𝑛+1, 𝜌) = 𝑑( 𝑊 (  𝑔𝑛 ), 𝜌 ) , 𝑔𝑛  ∈  𝐿𝑦𝑛  
                    ≤ 𝐻(𝐿𝑦𝑛, {𝜌}) 

                    ≤ 𝐻(𝐿𝑦𝑛, 𝐿𝜌)                                     

                   ≤ 𝑑(𝑦𝑛, 𝜌)    

                   ≤ 𝑑(𝑥𝑛, 𝜌)                                                                                  … (6)                                                                     

Then {𝑑(𝑥𝑛, 𝜌)} is bounded and non- increasing . Hence lim
𝑛→∞

𝑑(𝑥𝑛, 𝜌) exists , ∀ 𝜌 ∈ 𝐹(𝐿).  

 

 

 

 

Theorem(𝟑. 𝟐): 
             Let 𝐵 , 𝐴, 𝐿 and {𝑥𝑛}  be as in theorem(3.1), where 𝜇𝑛 and 𝜏𝑛 are sequences  in [𝑓, ℎ]  
for  some 𝑓, ℎ 𝑤𝑖𝑡ℎ 0 < 𝑎 ≤ 𝑏 < 1. Then 𝐹(𝐿) ≠ ∅ if and only if {𝑥𝑛} is bounded 

and lim
𝑛→∞

𝑑(𝐿𝑥𝑛, 𝑥𝑛) = 0.         

 Proof: Suppose 𝐹(𝐿) ≠ ∅  andLet 𝜌 ∈ 𝐹(𝐿), then  lim
𝑛→∞

𝑑(𝑥𝑛, 𝜌) exists and {𝑥𝑛} is bounded .Put   

lim
𝑛→∞

𝑑(𝑥𝑛, 𝜌) = 𝜑.  for some 𝜑 > 0                                             … (7)                                                                      

From condition  (4) and (7), we get 

lim
𝑛→∞

sup 𝑑( 𝑊 (𝑥𝑛 , ℓ 𝑥𝑛 , 𝜏𝑛 ), 𝜌 ) = lim
𝑛→∞

sup𝑑(𝑧𝑛, 𝜌)  

                                                          ≤ lim
𝑛→∞

sup𝑑(𝑥𝑛, 𝜌) = 𝜑      … (8)    

lim
𝑛→∞

sup 𝑑( 𝑊 (ℓ 𝑥𝑛 , 𝑡𝑛 , 𝜇𝑛 ), 𝜌 ) = lim
𝑛→∞

sup𝑑(𝑦𝑛, 𝜌)  

                                                          ≤ lim
𝑛→∞

sup𝑑(𝑥𝑛, 𝜌) = 𝜑      … (9)  

From condition  (2), (3)and (4), we get 
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𝑑( 𝑥𝑛+1, 𝜌) = 𝑑( 𝑊 (  𝑔𝑛 ), 𝜌 ) , 𝑔𝑛  ∈  𝐿𝑦𝑛 

                    ≤ 𝐻(𝐿𝑦𝑛, {𝜌}) 

                   ≤ 𝐻(𝐿𝑦𝑛, 𝐿𝜌)                                       

                   ≤ 𝑑(𝑦𝑛, 𝜌) 

                   = 𝑑( 𝑊 ( ℓ𝑛 , 𝑡𝑛 , 𝜇𝑛 ), 𝜌 ),  ℓ𝑛 ∈ 𝐿𝑥𝑛 𝑎𝑛𝑑  𝑡𝑛 ∈  𝐿𝑧𝑛 

                   ≤ (1 − 𝜇𝑛 )𝑑( ℓ𝑛, 𝜌) + 𝜇𝑛𝑑(𝑡𝑛, 𝜌)                       
                   ≤ (1 − 𝜇𝑛 )𝐻(𝐿 𝑥𝑛, {𝜌}) + 𝜇𝑛𝐻(𝐿 𝑧𝑛, {𝜌})                    
                   ≤ (1 − 𝜇𝑛 )𝐻(𝐿 𝑥𝑛, 𝜌) + 𝜇𝑛𝐻(𝐿 𝑧𝑛, 𝜌)                       
                  ≤ (1 − 𝜇𝑛 )𝑑( 𝑥𝑛, 𝜌) + 𝜇𝑛𝑑( 𝑧𝑛, 𝜌) 

                   ≤ 𝑑( 𝑥𝑛, 𝜌) − 𝜇𝑛𝑑( 𝑥𝑛, 𝜌) + 𝜇𝑛𝑑( 𝑧𝑛, 𝜌)  
This implies that 

 
𝑑( 𝑥𝑛+1,𝜌)−𝑑( 𝑥𝑛,𝜌)

𝜇𝑛
 ≤ 𝑑( 𝑧𝑛, 𝜌) − 𝑑( 𝑥𝑛, 𝜌) 

So  

𝑑( 𝑥𝑛+1, 𝜌) − 𝑑( 𝑥𝑛, 𝜌) ≤
𝑑( 𝑥𝑛+1, 𝜌) − 𝑑( 𝑥𝑛, 𝜌)

𝜇𝑛
   

                                       ≤ 𝑑( 𝑧𝑛, 𝜌) − 𝑑( 𝑥𝑛, 𝜌) 

Then 𝑑( 𝑥𝑛+1, 𝜌) ≤ 𝑑( 𝑧𝑛, 𝜌) 

Therefore  

𝜑 ≤ lim
𝑛→∞

inf 𝑑(𝑧𝑛, 𝜌) .                                                             …(10)  

From condition (8) and (10) , we get   

𝜑 = lim
𝑛→∞

 𝑑(𝑧𝑛, 𝜌)  

𝜑 = lim
𝑛→∞

 𝑑( 𝑊 (𝑥𝑛 , ℓ 𝑥𝑛 , 𝜏𝑛 ), 𝜌 )                                        … (11) 

                       

From condition  (7) , (9), (11)and lemma (2.5),we get 

 lim
𝑛→∞

𝑑(ℓ 𝑥𝑛, 𝑥𝑛) ≤ lim
𝑛→∞

𝑑(𝐿𝑥𝑛, 𝑥𝑛) = 0. 

Theorem(𝟑. 𝟑) 

Let 𝐵 , 𝐴, 𝐿 and {𝑥𝑛}  be as in theorem(3.2) with  𝐹(𝐿) ≠ ∅ if 𝐿 satisfies condition (𝐼), then 

lim
𝑛→∞

‖𝑥𝑛 − 𝜌‖ = 0 , 𝜌 ∈ 𝐹(𝐿).  

Proof:  

From theorem (3.1), implies that  lim
𝑛→∞

𝑑(𝑥𝑛, 𝜌) exists, ∀ 𝜌 ∈ 𝐹(𝐿)   

and so  lim
𝑛→∞

𝑑(𝑥𝑛, 𝐹(𝐿)) exists . Assume that lim
𝑛→∞

𝑑(𝑥𝑛, 𝜌) = 𝜑 

for some 𝜑 > 0. From  condition (𝐼) , 𝐹(𝐿) ≠ ∅ and theorem(3.2),  we get  lim
𝑛→∞

 

𝑘(𝑑(𝑥, 𝐹(𝐿))) ≤  lim
𝑛→∞

 𝑑(𝑥𝑛, 𝐿𝑥𝑛) = 0 implies that 

 lim
𝑛→∞

 𝑘(𝑑(𝑥, 𝐹(𝐿))) = 0                                                                           … (12 )  

Since  𝑘 is  a  nondecreasing  function  and  from condition ( 12), we get  

 lim
𝑛→∞

 (𝑑(𝑥, 𝐹(𝐿))) = 0 . Thus there are  subsequences  {𝑥𝑛𝑡
} of  {𝑥𝑛} and {𝜌𝑡} ⊂ 𝐹 such that 

𝑑(𝑥𝑛𝑡 
, 𝜌𝑡) <

1

2𝑡 

From theorem (3.1) , ∀𝑡 > 0, we get  

𝑑(𝑥𝑛𝑡+1 
, 𝜌𝑡) ≤ 𝑑(𝑥𝑛𝑡 

, 𝜌𝑡) <
1

2𝑡
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Also , we get {𝜌𝑡} is a Caushy sequence in 𝐴  and converges to 𝜌 ∈ 𝐴 by 

𝑑(𝜌𝑡+1`, 𝜌𝑡) ≤ 𝑑(𝜌𝑡+1`, 𝑥𝑛𝑡+1 
) + 𝑑(𝑥𝑛𝑡+1 

, 𝜌𝑡)  

                                          <
1

2𝑡+1 +
1

2𝑡                                            

<
1

2𝑡−1
 

Since 𝑑(𝜌𝑡, 𝐿𝜌)  ≤ 𝐻(𝐿𝜌𝑡, 𝐿𝜌) ≤ 𝑑(𝜌, 𝜌𝑡)and 𝜌𝑡 → 𝜌 𝑎𝑠 𝜏 → ∞ ,  it follows that 𝑑(𝜌, 𝐿𝜌) = 0, 
which implies that 𝜌 ∈ 𝐿𝜌 . 
Theorem(𝟑. 𝟑) 

Let 𝐵 , 𝐴, 𝐿 and {𝑥𝑛}  be as in theorem(3.2) with  𝐹(𝐿) ≠ ∅ if 𝐿 is hemicompact  , then 

lim
𝑛→∞

‖𝑥𝑛 − 𝜌‖ = 0 , 𝜌 ∈ 𝐹(𝐿). 

proof : From theorem(3.2) , we get  lim
𝑛→∞

 𝑑(𝑥𝑛, 𝐿𝑥𝑛) = 0 and 𝐿 is  hemicompact , there is a 

subsequence {𝑥𝑛𝑡
} of  {𝑥𝑛} such that 𝑥𝑛𝑡 

→ 𝜌 as 𝜏 → ∞  for some 𝜌 ∈ 𝐴. Since 𝐿 is a 

nonexpansive mapping ,  

𝑑(𝜌, 𝐿𝜌) ≤ 𝑑(𝜌, 𝑥𝑛𝑡
) + 𝑑(𝑥𝑛𝑡

, 𝐿𝑥𝑛𝑡
) + 𝐻(𝐿𝑥𝑛𝑡

, 𝐿𝜌) 

≤ 2𝑑(𝑥𝑛𝑡
, 𝜌) + 𝑑(𝑥𝑛𝑡

, 𝐿𝑥𝑛𝑡
)       → 0         𝑎𝑠  𝜏 → ∞ .  

this implies that 𝜌 ∈ 𝐿𝜌 .      
 

𝟒 −Conclusions 

             A  Three – Step – One     Mapping      Iterative      scheme    for   multivalued   mapping   

has  been   introduced  in W-Hyperbolic  and  the convergence    result    for   A  Three – Step 

– One    Mapping     Iterative Scheme    has   been   proved   when   used   multivalued    

nonexpansive mapping    in   Hyperbolic   space    also   established    the   convergence  results   

has  been  established in   uniformly   Hyperbolic   space    when use    Condition  (𝐼)  and   use 

Hemicompact mapping  . 
𝟓 − Suggestion 
1 − we   can  use   multivalued  Lipschizian  mapping  to  established  the  convergence  results  

. 
2 − we  can  use  another  space to  establish  the convergence  results  of  same iteration .   
3 −  we can use  another iteration  to established the convergence results . 
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