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Abstract. In this paper, firstly we introduce A Three — Step — One Mapping Iterative  scheme
for multivalued mapping in W-Hyperbolic space secondly , we prove a convergence
result  of A Three — Step — One Mapping Iterative Scheme for multivalued
nonexpansive mapping in the same space also established the convergence results
when use Condition (I) and by using Hemicompact mapping in uniformly W-Hyperbolic
space.
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1 - Introduction
In 2009, Shahzad and Zegeye [1] introdused the convergence result of Ishikawa iteration
for quasi nonexpansive multivalued maps in uniformly convex space as follows , for
any x, € B
Xny1 = (1= 1p)xn + Toty
Yn = (1= pp)xn + ppty, ;Y0 =0
Where ¢,, € Ly, ,t, € Lx,, {u,}and{z,} are sequencesin [0,1].
In 2010, Khan et al .[2] introdused weak and strong convergence result of a one step
iteration for two multivalued nonexpansive mappings .
Also in 2011, Abbas et al . [3] established the convergence result of a new one step iteration
for two multivalued nonexpansive mappings in uniformly convex Banach space as follows
,forany x; € B
Xne1 = UnXn + Tpty, + 0, €,V >0
Where ¢,, € Lx,, ,t, € Kx,, {u,},{r,}and{o,,} are sequences in (0,1). In 2018, Birol
G .and Sezgin A. [4] established the convergence result of a one step iteration for two
multivalued  nonexpansive mappings in uniformly convex W- Hyperbolic space as
follows, for any x; € B
Xn+1 = W(ﬁn:W(xnrtnfl Tn'u )uun) ;Vvn=0
n
Where ¢, € Lx,, ,t, € Kx,, {u,}and {r,} are sequences in(0,1).
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2 —Preliminaries

Definition (2.1)[5] : A metric space (E, d) is said to be hyperbolic space if there exist a map
W:E? x[0,1] - E satisfying :

w1 - d(t,W(x,y ,,u)) <A—-wd(t,x)+ud(ty)

w2 — d(W(x»y;H) »W(x»y,5)) = |.u - 6' d(x - y)

W3 — W(x,y,u) = W(y,x,(l - ,U))

Wa—dWx,c,w), Wy, e,w) < (1—wd(x,y) +ud(ce)

Vx,y,c,e€Eand u,5§ €[0,1].

Definition (2.2)[2]: Let A be anon—empty and convex subset of a hyperbolic space
B.Amapping L:A — 24 is said to be
(i) nonexpansive if H(Lx,Ly) < d(x,y) . (1)
Vx,y €A.
(ii) quasi nonexpansive if F(L) # @ andd(Lx,p) < d(x,p) ...(2)
Vx€Aandp € F(L).
Definition (2.3) : Let A be anon—empty and convex subset of ahyperbolic space B and
L: A - 24 isamapping forany x; € A, the sequence {x, } define by
Xn+1 = W(Gn), gn € Lyn
Vo =Wyt Un), n € Lx, and t, € Lz,
Zn =Wy , €0, T0), €n ELx, ;Vn =0  ...(3)

where {u,,} and {r,} are sequences in (0,1).

Definition (2.4) [6]: A hyperbolic space (E, d, W) is said to be uniformly convex if there exist
o € ]0,1] such that

d(x,9) <y,d(y,9) <yandd(x,y) = ey then

1
d(W (x,y,i),19> <A-o)y
VI, x,y€€EE,e €(02]andy >0

Lemma(2.5 ),[7] : Let B be a uniformly convex hyperbolic . Let x € Band {u,} be a
sequence in [f,h] for some f,h € (0,1).If {x,} and {y,} are sequences in B such that
lim supd(x,, x) < ¢, lim supd(y,, x) < @ and

n—»>oo n—»>oo

lim d(W (X, YV, n ), x ) = @ forsome ¢ =0
n—>oco
then lim d(x,,y,) =0.

n—>oco

Definition (2.6)[8] : Let A be anon—empty and convex subset of a hyperbolic space
B.A mapping L:A - 24is said to be

(i) Satisfy condition (I) if 3 a nondecreasing function k: [0, [ — [0,0[ with k(0) = 0,
k(a) > 0for a € (0, ) such that

d(x,Lx) = k(d(x,F(L))), Vx € A.

(ii) Hemicompact. If for any sequence {x,} InA3 limd(x, Lx,) =0,

n—-oo

3 a subsequence {xnt} of {x,}suchthatx, — past— c forsome
p € A.
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3 — Main Theorem
Theorem(3.1):
Let B is a hyperbolic space, A isanonempty and convex subset of B and L: A — C(A)
is a quasi nonexpansive mapping. Let {x,} define by condition (3) with u,, and t,, € (0,1).
If p € F(L), thennllrglo d(xp, p) exists,V p € F(L).
Proof: Let p € F(L), from condition (2) and(3) , we get
d(zp, p) = d(W (xn, , €0 Tn ), p) €y € Lxy
< (1 —Tn )d( Xn P) + Tnd( {)n,P)
< (1 —1)d(xp p) + 7 H(L xp, {p})
< (1 —Tn )d( Xn P) + TnH(L xn'Lp)
< (1 —1)d(xp, p) + T0d (X, p)
= d(xp, p) - (4)
From condition (2),(3)and (4), we get dO,p)=d(W (£,,t,, Uun)p), tn €
Lx, and t, € Lz,
< (1 ~ HUn )d( fn: p) + .und(tm p)
< (1 ~ HUn )H(L Xn {P}) + .unH(L Zn, {P})
< (1= pn JH(L xp, p) + pnH(L 2y, p)
< (1 — HUn )d( Xn p) + .und( Zn, p)
< (1 — up )d(xn, p) + 1rd( Xy, p)
= d(xp, p) . (5)
From condition (2), (3)(4),and (5) , we get
d(xn41,p) =d(W ( gn)p), gn € Lyn
< H(Lyn, {p})
< H(Lyn, Lp)
< d(yn, p)
< d(xp, p) .. (6)
Then {d(x,, p)} is bounded and non- increasing . Hence rlll_r& d(x,, p) exists ,V p € F(L).

Theorem(3.2):

Let B, A, L and {x,} be as in theorem(3.1), where u,, and t,, are sequences in [f, h]
for some f,hwith0<a<b<1. ThenF(L)=# @ if and only if {x,} is bounded
andnli_)rglo d(Lx,, x,) = 0.

Proof: Suppose F(L) # @ andLet p € F(L), then lim d(x,, p) exists and {x,, } is bounded .Put
lim d(x,, p) = ¢. forsome ¢ > 0 o ..(7)

Tlé?(;om condition (4) and (7), we get
lir{.lO supd(W (xp,, 2%, ,Tp ), p) = li_r>rolO supd(z,, p)

. Sn lirrolo supd(xp,,p) =¢ ...(8)

lim sup d(W (£ Xyt b1 ),p) = lim supd(y, p)

o Sn_i;x;n supd(x,, p) =¢ ..(9)

From condition (2), (3)and (4), we g(;lt_)oo
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d(Xns1,p) =d(W ( In ),p) y9n € Lyn
< H(Lyn, {p})

< H(Lyn, Lp)

< d(yn, p)

=d(W (£, tn, tn),p), tn € Lx,and t, € Lz,

< (1= up )d(n, p) + pund(ty, p)

< (1= pn JH(L x, {p}) + 1 H(L 2y, {p})

< (1= pa JH(L xp, p) + pnH(L 2y, p)

< (1 ~ HUn )d( Xn p) + .und( Zn, p)

< d(xp, p) — Und(xn, p) + pnd( 2, p)
This implies that
d(xXn+1.0)—d(xXn,p)

HUn

< d( Zn, ,0) - d( Xn ,0)

So
d(xp41,p) —d(xp, p)
d( i1, p) = At p) € == ——
n
< d(Zn;p) - d(xn:p)

Then d( xp11,0) < d(zp,p)
Therefore
@ < lim infd(z,, p) . ...(10)

n—-o0o
From condition (8) and (10) , we get
@ = lim d(zy,p)

n—oo
@ =1lim d(W (x,,,2x,,T0,),p) ..(11)

n—oo

From condition (7),(9), (11)and lemma (2.5),we get
lim d(¥ x,,, x,,) <limd(Lx,,x,) = 0.
n—-oo

n—oo

Theorem(3.3)
Let B,A,Land {x,,} be as in theorem(3.2) with F(L) # @ if L satisfies condition (1), then
lim [lx, —pll =0, p € F(L).

Proof:
From theorem (3.1), implies that lim d(x,, p) exists,V p € F(L)
n—-o0o

and SO nll)rglo d(xn, F(L)) exists . Assume that Al_r)go d(x,,p) =@
for some ¢ > 0. From condition (I),F(L) # @and theorem(3.2), we get lirg
k(d(x, F(L))) < lim d(xy, Lx,) = 0 implies that "
lim k(d(x, F(L))) = 0 . (12)

g?noze k is a nondecreasing function and from condition ( 12), we get

lim (d(x, F(L))) = 0. Thus there are subsequences {2} of {x,} and {p,} c F such that

1
d(xn,, p) < 5
From theorem (3.1) ,Vt > 0, we get

1
d(x‘l’lt+1’pt) S d(xnt'pt) < ?
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Also , we get {p,} is a Caushy sequence in A and convergesto p € A by
d(pt'l'l" pt) S d(pt'l'l\’ xnt+1 ) + d(xnt+1 4 pt)
1 1
RPTEIT:

1
2t—1
Since d(p;, Lp) < H(Lp:, Lp) < d(p,ps)and p; —» p as T — oo, it follows that d(p, Lp) = 0,
which implies that p € Lp .
Theorem(3.3)
Let B,A,Land {x,} be as in theorem(3.2) with F(L) # @ if L is hemicompact , then
Aiggollxn —pll=0,p€F().

proof : From theorem(3.2), we get lim d(x,, Lx,) = 0 and L is hemicompact , there is a
n—-oo

<

subsequence {xnt} of {x,} such thatx, —pas T >o for some p € A. Sincel is a
nonexpansive mapping ,
d(p,Lp) < d(p, xnt) + d(xnt,ant) + H(ant,Lp)
< 2d(xp,, p) +d(xy, Lxn,) -0 asT-> o,
this impliesthat p € Lp .

4 —Conclusions

A Three —Step—One Mapping Iterative  scheme for multivalued mapping
has been introduced in W-Hyperbolic and the convergence result for A Three — Step
— One  Mapping Iterative Scheme has been proved when wused multivalued
nonexpansive mapping in Hyperbolic space also established the convergence results
has been established in uniformly Hyperbolic space whenuse Condition (I) and use
Hemicompact mapping .
5 — Suggestion
1 —we can use multivalued Lipschizian mapping to established the convergence results

2 —we can use another space to establish the convergence results of same iteration .
3 — we can use another iteration to established the convergence results .
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